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In the leading order of QCD parton model of Semi Inclusive Deep Inelastic Scattering (SIDIS) the
double spin asymmetry ALT arises due to the longitudinal polarization of quarks in the transversely
polarized nucleon. The corresponding k2T weighted distribution function g
(1)
1T can be related to ordi-
nary helicity distribution g1(x) measured in DIS. Using recent parameterizations for (un)polarized
distribution and fragmentation functions we calculated ALT asymmetry on transversely polarized
proton and deuteron targets for different types hadron production. The predictions are given for
COMPASS, HERMES and JLab energies. The role of Lorentz invariance relations and positivity
constraints are discussed.
PACS numbers: 13.60.-r, 13.85.Ni , 13.87.Fh, 13.88.+e
I. INTRODUCTION
The description of SIDIS includes a set of transverse momentum dependent (TMD) distribution and fragmentation
functions (DFs and FFs) [1, 2]. The definitions of these functions and QCD factorization for inclusive processes
including both a large momentum scale, like the mass of a virtual photon in e+e− annihilation or in Drell–Yan
lepton pair production, and a small transverse momentum of the produced particles, was established by Collins and
Soper [3] already in the early 80s. Recent data on single spin azimuthal asymmetries in SIDIS obtained by the
COMPASS [4], HERMES [5] and CLAS at JLab [6] collaborations triggered a new interest in TMD DFs and FFs.
The gauge invariant definitions of TMD and factorization theorems for polarized SIDIS were carefully studied in [7]
and [8]. It was demonstrated that the general expression for the SIDIS cross-section can be factorized into TMD
DFs and FFs and soft and hard parts arising from soft gluon radiation and QCD contributions to hard scattering,
respectively. However, it is difficult to apply the complete formalism of the QCD factorized approach in performing a
phenomenological analysis of data or making predictions. The current common practice (see, for example, the recent
analysis of Cahn, Sivers and Collins asymmetries in [9] – [11]) is to use the leading order (LO) expressions for soft and
hard parts which is equivalent to using the simple parton model expression including twist-two TMD DFs and FFs.
This approach allows to capture the main features of considered effects and make predictions for different processes.
In our calculations we will follow the same line.
Within this LO QCD parton model approach the polarized nucleon is described by six time reversal even and two
time reversal odd twist-two TMD DFs. One of these DFs, gq1T (x, k
2
T ), describes longitudinal polarization of quarks
in the transversely polarized target. As in the case of polarized lepton scattering on longitudinally polarized target
this longitudinal polarization of active quark will lead to double spin (longitudinally polarized lepton and transversely
polarized target nucleon) asymmetry, ALT . The rough estimates of this asymmetry has been performed in [12]. The
so called Lorentz invariance (LI) relation [2, 13] between the first kT -momentum of the twist-two DF g
q
1T (x, k
2
T ) and
the twist-three DF gq2(x) was used. In its turn the twist-three DF g
q
2(x) can be expressed through the twist-two
helicity DF gq1(x) using Wandzura and Wilczek [14] (WW) relation.
In this paper we will perform a more detailed analysis of this asymmetry based on recent sets of DFs and FFs and
using the same LI and WW relations as in [12]. It is proven experimentally [15] that WW-relation is not strongly
violated. On the other hand recently deeper understanding of description of TMD-dependent DF within QCD has
been achieved. In particular, it was shown that gauge link entering in the definitions of DFs plays a very important
role, for example, it provides the possibility for nonzero Sivers effect [16]. Then, at first some model calculations and
after that the general considerations demonstrated [17, 18, 19] that LI relations can be violated due to presence of this
gauge link in definitions of DFs. Thus, it seems actual to make predictions for ALT using LI relation and check them
experimentally. Strong deviations from these predictions will indicate strong violation of LI relations. This statement
holds true if the validity of LO calculations is proven by, for example, comparing the predictions of these calculations
for SIDIS cross-sections and asymmetries with the data. This may turn out to be especially important at low JLab
2energies.
We present here the detailed predictions for COMPASS, HERMES and JLab energies. First we calculate hadron-
transverse-momentum weighted asymmetries. The resulting values are rather small. Then, assuming gaussian
parametrization for intrinsic transverse momentum we calculate the asymmetries without weighting by hadron trans-
verse momentum. In this case, with appropriate choice of cuts, asymmetry can reach 2–7 % depending on the width
of intrinsic transverse momentum distribution of gq1T (x, k
2
T ).
This article is organized as follows. In Sec II we describe the relevant formalism for polarized SIDIS. Then we present
the results for hadron-transverse-momentum weighted asymmetries for COMPASS, HERMES and JLab energies. In
Sec III the calculated asymmetries without weighting with hadron transverse momentum are presented. We present
results for different sets of cuts and indicate the regions of kinematical variables where asymmetry can be sizable.
Finally, in Sec. IV we discuss the obtained results and draw conclusions.
II. HADRON-TRANSVERSE-MOMENTUM WEIGHTED ASYMMETRY
The probability, PqN (x, k2T ), the longitudinal spin distribution, λq(x, kT ), and the transverse spin distributions,
sqT (x, kT ), of the quark in a polarized nucleon are given by
1
PqN (x, k2T ) = f q1 (x, k2T ), (1)
PqN (x, k2T )λq(x, kT ) = gq1L(x, k2T )λ− gq1T (x, k2T )
kT · ST
M
, (2)
PqN (x, k2T ) sqT (x, kT ) = hq1T (x, k2T )ST +
[
hq⊥1L (x, k
2
T )λ− hq⊥1T (x, k2T )
kT · ST
M
]
kT
M
. (3)
The above DFs are describing
f q1 – the number density of quark in unpolarized nucleon,
gq1L – the quark longitudinal polarization in a longitudinally polarized nucleon,
gq1T – the quark longitudinal polarization in a transversely polarized nucleon,
hq1T – the quark transverse polarization along nucleon polarization in a transversely polarized nucleon,
hq⊥1L – the quark transverse polarization along intrinsic transverse momentum in a longitudinally polarized nucleon,
hq⊥1T – the quark transverse polarization along intrinsic transverse momentum in a transversely polarized nucleon.
Here we are interested by longitudinal quark polarization in a transversely polarized nucleon. Such a polarization
can be non-vanishing only if the quark transverse momentum is nonzero. This DF can be measured in polarized SIDIS
as first shown in [1], where it leads to a specific azimuthal asymmetry.
The “ordinary”, f q1 (x), g
q
1(x) and h
q
1(x), and TMD DF’s are related by kT –integration
f q1 (x) =
∫
d 2kT f
q
1 (x, k
2
T ), (4)
gq1(x) =
∫
d 2kT g
q
1L(x, k
2
T ), (5)
hq1(x) =
∫
d 2kT
[
hq1T (x, k
2
T )−
k2T
2M2
hq⊥1T (x, k
2
T )
]
. (6)
The DF gq1T (x, k
2
T ) does not contribute to g
q
1(x), but it does contribute to the DF g
q
T (x) = g
q
1(x) + g
q
2(x), which gives
O(1/Q) contribution to the inclusive polarized lepto-production cross section [13].
Following Ref. [1], we consider the polarized SIDIS in the simple quark-parton model. We will use standard notations
for DIS variables: l and l′ are momenta of the initial and the final state lepton; q = l − l′ is the exchanged virtual
photon momentum; P (M) is the target nucleon momentum (mass), S its spin; Ph is the final hadron momentum;
1 We do not consider here the time reversal odd DFs and use the standard SIDIS notations as in [12].
3Q2 = −q2; s = Q2/xy; x = Q2/2P · q; y = P · q/P · l; z = P · Ph/P · q. The reference frame is defined with
the z-axis along the virtual photon momentum direction and x-axis in the lepton scattering plane, with positive
direction chosen along lepton transverse momentum. The azimuthal angles of the produced hadron (with transverse
momentum, PhT ), φh, and of the nucleon spin, φS , are counted around z-axis (for more details see Refs [1] or [2]).
As independent azimuthal angles we choose φSh ≡ φh − φS and φS and we will give cross-sections integrated over φS
(which corresponds to integration over laboratory azimuthal angle of lepton) at fixed value of φSh .
In this paper we are interested in cosφSh asymmetry arising due to g1T DF and do not consider the contributions to
cross section arising from DFs h1T , h
⊥
1T , h
⊥
1L and time reversal odd DFs h
⊥
1 and f
⊥
1T . These contributions are either
vanishing after φS integration or projected out in cosφSh weighted asymmetries.
Keeping only relevant terms at leading order the SIDIS cross section for polarized leptons and transversely polarized
hadrons has the form
dσ(ℓN → ℓ′hX)
dxdydz d 2PhT
=
2πα2
Q2 y
{[1 + (1− y)2]Hf1 + y(2− y) |ST | cosφSh Hg1T }. (7)
The structure functions Hf entering in Eq. (7) are given by quark-charge-square weighted sums of definite kT -
convolutions of the DF’s and the spin-independent FF Dhq (z, P
2
h⊥) with Ph⊥ = PhT − zkT being the transverse
momentum of hadron with respect to fragmenting quark. The explicit form of the structure functions can be found
in Refs [1, 2]:
Hf1 =
∑
q
e2q
∫
d 2kT f
q
1 (x, k
2
T )D
h
q (z, (PhT − zkT )2), (8)
Hg1T =
∑
q
e2q
∫
d 2kT
kT ·PhT
M |PhT | g
q
1T (x, k
2
T )D
h
q (z, (PhT − zkT )2). (9)
Note, that these structure functions include only unpolarized FFs, Dhq (z, P
2
hT ).
The target transverse spin asymmetry for SIDIS of 100 % longitudinally polarized lepton is defined as
ALT (x, y, z, PhT , φ
S
h) =
dσ↑ − dσ↓
dσ↑ + dσ↓
. (10)
with ↑ ( ↓ ) denoting the transverse polarization of the target nucleon with λ = 0 and |ST | = 1. From Eq. 7 we get
ALT (x, y, z, PhT , φ
S
h) =
2−y
xy Hg1T
1+(1−y)2
xy2 Hf1
cos(φh − φS). (11)
In [12] the PhT -weighted asymmetries were introduced for the first time. It was demonstrated that it is possible
to express these asymmetries trough corresponding moments of DFs and FFs for arbitrary dependence on intrinsic
transverse momentum. The transverse-spin asymmetry weighted with ST · PhT /M = (|PhT |/M) cos(φh − φS) [12]
can be expressed as
A
|PhT |
M
cos(φh−φS)
LT (x, y, z) = 2
∫
d 2PhT
|PhT |
M cosφ
S
h (dσ
↑ − dσ↓)∫
d 2PhT (dσ↑ + dσ↓)
= 2
2−y
xy z
∑
q e
2
q g
q (1)
1T (x)D
h
q (z)
1+(1−y)2
xy2
∑
q e
2
q f
q
1 (x)D
h
q (z)
, (12)
where
g
q (1)
1T (x) =
∫
d 2kT
k2T
2M2
gq1T (x, k
2
T ). (13)
As is shown in Refs. [2, 13] this (k2T /2M
2)–weighted kT -integrated function g
q (1)
1T (x), which appears in Eq. 12 is
directly related to the DF gq2(x),
gq2(x) =
d
dx
g
q (1)
1T . (14)
4This relation arises from constraints imposed by Lorentz invariance on the antiquark-target forward scattering ampli-
tude and the use of QCD equations of motion for quark fields [2]. Using Wandzura and Wilczek [14] approximation
for gq2(x)
gq2(x) ≈ −gq1(x) +
∫ 1
x
dy
gq1(y)
y
, (15)
the following relation was derived in Ref. [12]
g
q(1)
1T (x) ≈ x
∫ 1
x
dy
gq1(y)
y
. (16)
For numerical estimations of asymmetries we will use the LO GRV98 [20] unpolarized and corresponding
GRSV2000 [21] polarized (standard scenario) DFs and Kretzer [22] FFs. In Fig 1 we present the ratio g
q(1)
1T (x)/f
q
1 (x)
for u-, d- and s-quarks and antiquarks calculated using these DFs and Eq. 16. It is seen in the figure that asymmetry
is expected to be small in low x region.
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FIG. 1: The ratio g
q(1)
1T (x)/f
q
1 (x) for different types of quarks at Q
2 = 5 (GeV/c)2.
The predictions for x, y and z dependence of A
(|PhT |/M) cos(φh−φS)
LT are obtained by performing integration of nu-
merator and denominator of Eq. 12 and presented in Figs. 2, 3 and 4. The following selections and cuts are imposed
• COMPASS: positive (h+), all (h) and negative (h−) hadron production, Q2 > 1.0 (GeV/c)2, W 2 > 25 GeV2,
0.05 < x < 0.6, 0.5 < y < 0.9 and 0.4 < z < 0.9
• HERMES: π+, π0 and π+ production, Q2 > 1.0 (GeV/c)2, W 2 > 10 GeV2, 0.1 < x < 0.6, 0.45 < y < 0.85 and
0.4 < z < 0.7
• JLab at 6 GeV: π+, π0 and π+ production, Q2 > 1.0 (GeV/c)2, W 2 > 4 GeV2, 0.2 < x < 0.6, 0.4 < y < 0.7
and 0.4 < z < 0.7.
As one can see from these figures the predicted |PhT |/M -weighted asymmetries are quite small even for high x, y
and z values both for proton and deuteron targets. This is related to dominant contribution of low |PhT | integration
region into denominator and negligible contribution to numerator in Eq. 12. We have done also calculations for JLab
at 12 GeV beam energy with the same kinematic cuts as for 6 GeV. The results are almost identic to that of Fig. 4
and we do not present them in the following too.
III. TRANSVERSE MOMENTUM DEPENDENCE
Usually, for reconstruction of produced hadron azimuthal angle in data analysis some cut on minimal value of |PhT |
of order 50 – 100 MeV/c is applied. On the other hand as we have demonstrated in the previous section the expected
|PhT |/M -weighted asymmetries are very small due to integration over all available hadron transverse momentum
phase space. Thus, it is very interesting to have a model and make predictions for transverse momentum dependence
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FIG. 2: Predicted dependence of A
(|PhT |/M) cos(φh−φS)
LT on x, y and z for production of positive (h
+), all charged (h) and
negative (h−) hadrons at COMPASS for SIDIS on transversely polarized proton (the solid line) and deuteron (the dashed line)
targets.
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FIG. 3: Predicted dependence of A
(|PhT |/M) cos(φh−φS)
LT on x, y and z for pi
+, pi0 and pi− production at HERMES for SIDIS on
transversely polarized proton (the solid line) and deuteron (the dashed line) targets.
of ALT . For this end let us assume that transverse momentum dependencies of DFs and FFs are given by factorized
gaussian form:
f q1 (x, k
2
T ) = f
q
1 (x)
1
πµ20
exp(−k
2
T
µ20
), (17)
Dhq (z, P
2
h⊥) = D
h
q (z)
1
πµ2D
exp(−P
2
h⊥
µ2D
), (18)
gq1T (x, k
2
T ) = g
q
1T (x)N exp(−
k2T
µ21
), (19)
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FIG. 4: Predicted dependence of A
(|PhT |/M) cos(φh−φS)
LT on x, y and z for pi
+, pi0 and pi− production at JLab for SIDIS on
transversely polarized proton (the solid line), deuteron (the dashed line) and neutron (dot-dashed line) targets.
where f q1 (x) and D
h
q (z) are ordinary transverse momentum integrated DFs and FFs. DF g
q
1T (x) can be related to
g
(1)
1T (x) by using the definition Eq. 13
gq1T (x) =
2M2
Nπµ41
g
(1)
1T (x), (20)
thus, the Eq. 19 can be rewritten as
gq1T (x, k
2
T ) = g
q(1)
1T (x)
2M2
πµ41
exp(−k
2
T
µ21
). (21)
Note, that normalization coefficient N in Eq. 19 is fixed by the relation Eq. 20.
Now using Eqs. 8 and 9 and performing integration over intrinsic transverse momentum one obtains for cosφSh
weighted asymmetry
A
cosφSh
LT (x, y, z, PhT ) = 2
∫ 2pi
0 dφ
S
h (dσ
↑ − dσ↓) cosφSh∫ 2pi
0 dφ
S
h (dσ
↑ + dσ↓)
= 2
2−y
xy
Mz|PhT |
(µ2
D
+µ2
1
z2)2
exp
(
− P2hT
µ2
D
+µ2
1
z2
)∑
q e
2
q g
q(1)
1T (x)D
h
q (z)
1+(1−y)2
xy2
1
µ2
D
+µ2
0
z2
exp
(
− P2hT
µ2
D
+µ2
0
z2
)∑
q e
2
q f
q
1 (x)D
h
q (z)
. (22)
The numerator for asymmetry expression contains factors proportional to z, PhT and g
q(1)
1T (x) which are small at small
x. At the same time the denominator gets the maximal contribution at small values of this variables. The same is
valid for y dependence. Thus, the interesting region where asymmetry can be large corresponds to relatively large
values of kinematic variables x, y, z and PhT .
The dependence of asymmetry on the lower limit of PhT,min is calculated as
A
cosφSh
LT (PhT,min) = 2
∫ P2hT,max
P2
hT,min
dP 2hT
∫
dx
∫
dy
∫
dz
∫ 2pi
0 dφ
S
h (dσ
↑ − dσ↓) cosφSh∫ P2
hT,max
P2
hT,min
dP 2hT
∫
dx
∫
dy
∫
dz
∫ 2pi
0 dφ
S
h (dσ
↑ + dσ↓)
= 2
∫
dx
∫
dy
∫
dz 2−yxy
Mz√
µ2
D
+µ2
1
z2
[
Γ
(
3
2 ,
P
2
hT ,min
µ2
D
+µ2
1
z2
)
− Γ
(
3
2 ,
P
2
hT ,max
µ2
D
+µ2
1
z2
)]∑
q e
2
q g
q(1)
1T (x)D
h
q (z)
∫
dx
∫
dy
∫
dz 1+(1−y)
2
xy2
[
exp
(
− P
2
hT,min
µ2
D
+µ2
0
z2
)
− exp
(
−P2hT ,max
µ2
D
+µ2
0
z2
)]∑
q e
2
q f
q
1 (x)D
h
q (z)
, (23)
where
Γ(a, x) =
∫ ∞
x
dt ta−1 exp (−t)
7is incomplete Gamma function and we choose |PhT,max| =2.0, 1.5 and 1.0 GeV/c for COMPASS, HERMES and JLab,
respectively.
In Figs. 5 and 6 we show our predictions for A
cos(φh−φS)
LT (|PhT,min|) for COMPASS, HERMES on proton and
deuteron targets and proton, deuteron and neutron targets for JLab . The same kinematic cuts as in previous section
has been used. The width of the transverse momentum distribution for unpolarized DFs and FFs can be obtained
by analyzing the data on cosϕ-azimuthal dependence (Cahn effects) and |PhT |-dependence of unpolarized SIDIS
cross-section. The corresponding analysis performed in [9] shows that the following values µ20 = 0.25 (GeV/c)
2 and
µ2D = 0.2 (GeV/c)
2 satisfactory describes the data up to |PhT | ≤ 1 GeV/c.
It is easy to check that with our choice of DFs the naive positivity constraint |kT |M |gq1T (x, k2T )| ≤ f q1 (x, k2T ) holds
when µ21 < 0.246 (GeV/c)
2 in whole range of variables x and |kT |. We present the results for three different choices
of the transverse momentum width parameter µ21 of the g
q
1T (x, k
2
T ) DF: 0.1, 0.15 and 0.2 (GeV/c)
2. As one can see in
Figs. 5 and 6, the asymmetry reveals a strong dependence upon this parameter and increases with µ1 for |PhT,min|
higher than 0.5 (GeV/c).
In Figs. 7, 8 and 9 we present the x-, y- and z-dependencies of A
cos(φh−φS)
LT integrated over |PhT | with |PhT,min| = 0.5
GeV/c and µ21 =0.15 (GeV/c)
2. As it is expected these asymmetries are almost twice larger than |PhT |M -weighted
asymmetries in Figs. 2, 3 and 4.
Finally, we have checked that the value of the predicted asymmetry depends on the widths of the transverse
momentum dependence of the DFs and FFs. For example, with the following choice of parameters: µ20 = 0.09
(GeV/c)2 and µ2D = 0.13 (GeV/c)
2 and µ21 = 0.08 (GeV/c)
2, the asymmetry increases by ≈ 1.5 times and, naturally,
the azimuthal and transverse momentum distributions of unpolarized SIDIS are changed too. Thus, it is desirable to
extract these widths from the same set of data. First, the parameters µ20 and µ
2
D have to be fixed from unpolarized
SIDIS azimuthal and |PhT |-dependencies, then, µ21 can be extracted from the measured Acos(φh−φS)LT asymmetry.
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FIG. 5: Predicted dependence of A
cos(φh−φS)
LT (|PhT,min|) on |PhT,min| for proton target.
IV. DISCUSSION AND CONCLUSIONS
We have performed the detailed calculations of double spin azimuthal asymmetry for SIDIS induced by longitu-
dinal polarization of quarks in transversely polarized nucleon. The results presented in the Sec. II show that the
hadron-transverse-momentum weighted asymmetries are quite small and maybe difficult to measure. In Sec. III it is
demonstrated that unweighted asymmetry can be enhanced and reach few percents with the cut on minimal value of
hadron transverse momentum |PhT,min| ≃ 0.1÷ 0.5 GeV/c 2.
We have used the conventional LO QCD approach for SIDIS in the current fragmentation region. One of the main
ingredients used for asymmetry calculations is the Lorentz invariance relation between twist-two and twist-three DFs
g
q(1)
1T (x) and g
q
2(x) Eq. 14 and the Wandzura-Wilczek approximation for g
q
2(x) Eq. 15. The recent measurements
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FIG. 6: Predicted dependence of A
cos(φh−φS)
LT (|PhT,min|) on |PhT,min| for deuteron (and neutron for JLab) target.
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FIG. 7: Predicted dependence of A
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LT on x-, y- and z with |PhT,min| = 0.5 GeV/c for COMPASS.
of g2(x) structure function [15] demonstrated that the WW-relation is not strongly violated in high x > 0.05 and
Q2 > 2 ∼ 3 (GeV/c)2 region. On the other hand it was demonstrated that the Lorentz invariance relations are
violated in some QCD based model (so called dressed quark target model) for DFs [17]. Then it was shown [18, 19]
that the same Wilson link in the definition of DFs which makes possible the existence of nonzero Sivers effect leads
to violation of Lorentz invariance relations among DFs. Thus, experimental verification of our predictions for double
spin cos(φh − φS) asymmetry will allow us to check if there exists a strong violation of Lorentz invariance relation.
In our calculations we have used the ordinary formalism of factorized QCD picture of SIDIS. The possible effects
of polarized hadronization [23] has been neglected. This polarization dependence of hadronization is expected to be
enhanced at low energies. For this reason, it is important to perform measurements at different energies with different
accessible range of W 2.
As it is mentioned in Sec. III the naive positivity bound is satisfied for the width of transverse momentum distribution
of gq1T (x, k
2
T ) DF µ1
<∼ µ0. However, as it was shown in [24] the positivity bounds which takes into account all twist
two TMD DFs are more complicated and involve also other polarized DFs. For gq1T (x, k
2
T ) distribution function of
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interest the following inequality (or even more sharpened, see for details [24]) was derived
k2T
M2
(
gq1T (x, k
2
T )
)2
+
k2T
M2
(
f q⊥1 (x, k
2
T )
)2
≤ (f q1 (x, k2T ))2 − (gq1L(x, k2T ))2 , (24)
where f q⊥1 (x, k
2
T ) is a DF leading to Sivers effect. Note that in [9]
2 the naive positivity constraint |kT |M |f q⊥1 (x, k2T )| <
f q1 (x, k
2
T ) was used during fitting of the Sivers DF. The resulting DF for d-quark can reach the upper limit allowed
by this relation at x ≈ 0.24 and |k| ≈ 0.57 GeV/c for the best choice of parameters. This will violate the relation
Eq. 24 even if gd1T (x, k
2
T ) = 0 unless very improbable value for d-quark helicity TMD DF g
q
1L(x, k
2
T ) = 0 holds at this
values of x and |k|. One has to note, however, that extracted in [9] and other analyzes (see [11] references therein)
2 The relation between notations of this article with that used here can be found in [11]
10
parameters for Sivers function have large errors and it is possible to fulfill the constraint Eq.24 taking into account
that at moderate x the following inequality takes place
(
gq1L(x, k
2
T )
)2 ≪ (f q1 (x, k2T ))2.
These considerations demonstrate that to check the self-consistency of the LO QCD picture of polarized SIDIS
it is very important to measure all possible TMD spin-dependent asymmetries, for example, the azimuthal angle
and |PhT |-dependence of SIDIS ALL asymmetry which will give us a possibility to extract the kT -dependence of
gq1L(x, k
2
T ), and perform ‘global’ phenomenological analysis by simultaneous extraction of TMD DF’s parameters from
experimental data taking into account the positivity constraints [24].
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